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Abstract 
This article deals with developing a coupled scale-dependent model to explore the nonlinear 
bifurcation response of initially imperfect nanotubes conveying nanofluid flow taking into 
consideration the influences of nonlinear viscoelasticity. Furthermore, the influences of both 
centrifugal and Coriolis forces are considered. The Beskok-Karniadakis model is employed to 
capture the influences of slip at the interface between the imperfect viscoelastic nanotube and 
the nanofluid. A refined combination of nonlocal and strain gradient elasticities is employed for 
taking into consideration size influences. After formulating the kinetic energy, elastic energy, 
viscous work and external work, the nonlinear coupled equations are derived for the nanofluid-
conveying nanosystem, which simultaneously vibrates along the transverse and longitudinal 
directions. The nonlinear dynamical characteristics are calculated via utilising a Galerkin 
procedure and a direct-time-integration technique. It is found that chaotic regions can be 
removed by imposing a proper geometric imperfection. 
Keywords: Bifurcation; Scale effects; Initial imperfection; Viscoelasticity; Coupled motion  
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1. Introduction 
In a number of nanoscale electromechanical devices, the general performance is 
significantly influenced by interactions between the solid structural part and the fluid. For 
instance, in nanofluidic devices, which have been used for various applications from cell 
separation to water purification [1], the interactions between the channels and the fluid affect 
the efficiency of the device. Developing more accurate and comprehensive continuum-based 
models in order to understand these interactions would help us to better design and 
manufacture fluid-conveying nanoscale electromechanical devices.         
An appropriate continuum-based model for a fluid-conveying nanostructure should be 
size-dependent since the static and dynamic behaviours of nanostructures are considerably 
influenced by size effects [2-10]. Several size-dependent models such as nonlocal [11-16], 
couple stress [17-23], and strain gradient [24, 25] theories have been introduced for nanoscale 
structures. In the present analysis, a refined combination of the strain gradient and nonlocal 
models [26-28] is utilised since it has been reported that this continuum model is capable of 
better capturing size influences compared to the pure nonlocal model [29]. In addition to being 
size-dependent, an appropriate continuum-based model for a fluid-conveying structure at 
nanoscales should be able to incorporate the effects of slip at the interface between the solid 
structure and the fluid. For this purpose, the Beskok-Karniadakis model [30] is employed. 
Developing size-dependent continuum models for fluid-conveying structures at 
nanoscales has attracted researcher’s attention recently due to the wide applications of these 
nanosystems. Wang and Ni [31] developed a continuum model for analysing the stability and 
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oscillation of carbon nanotubes (CNTs) conveying nanofluid. Lee and Chang [32] analysed the 
free vibration of a nanofluid-conveying single-walled CNT along the transverse direction via 
developing a nonlocal model of elasticity. In another investigation, a continuum model was 
developed by Soltani et al. [33] for capturing the influences of a surrounding medium on the 
mechanics of nanofluid-conveying nanotubes. A continuum-based model incorporating couple 
stresses was also proposed by Zeighampour and Beni [34] for exploring the time-dependent 
deformation of fluid-conveying tubes at nanoscales. Furthermore, the influences of a 
temperature change on the instability response of tubes conveying nanofluid flow were 
examined in the literature [35]. A nonlocal model of elasticity was developed by Maraghi et al. 
[36] for describing scale influences on the mechanics of fluid-conveying boron nitride nanoscale 
tubes. The influences of a pulsating nanofluid on the instability of a single nanotube were 
studied by Liang and Su [37] via applying a continuum-based model. In another analysis 
conducted by Askari and Esmailzadeh [38], the vibrations of tubes conveying fluid flow at 
nanoscales were studied incorporating the effects of a temperature change as well as the 
influences of a nonlinear foundation. Furthermore, the nonlocal model of elasticity was used by 
Oveissi et al. [39] for studying the longitudinal oscillation of nanotubes conveying nanofluid 
flow. In another continuum-based analysis reported in Ref. [40], an analytical method was 
utilised for exploring the buckling of fluid-conveying tubes with large deformations at 
nanoscales. Li and Hu [41] utilised a combination of strain gradient and nonlocal models for 
investigating the wave propagation characteristics of nanotubes conveying nanofluid flow.   
In practical situations, due to some factors such as the internal energy loss, geometric 
nonlinearity and initial deflections, which are often ignored in the theoretical modelling, the 
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results of the continuum-based models are different from the real ones. In the current analysis, 
for the first time, a coupled nonlinear scale-dependent model is developed to examine the 
large-amplitude chaotic response of initially imperfect nanotubes conveying nanofluid flow 
capturing the influences of nonlinear viscoelasticity. The effects of Coriolis forces caused by 
relative translations and rotations are considered. Furthermore, the influences of centrifugal 
forces induced by relative fluid translation and curvature are incorporated. A refined 
combination of nonlocal and strain gradient elasticities is used for size influences. To capture 
the influences of slip at the interface between the clamped-clamped nanotube and the fluid, 
the Beskok-Karniadakis model is employed. The nonlinear coupled equations are derived for 
the nanofluid-conveying nanotube with simultaneous transverse and longitudinal motions. The 
dynamical characteristics of the viscoelastic imperfect nanosystem are extracted via applying a 
Galerkin procedure and a direct-time-integration technique. The current study would be helpful 
in designing fluid-conveying nanoscale electromechanical devices.       
   
2. Slip effects at the interface between nanotube and nanofluid  
For macroscale fluid-conveying pipes, a common assumption is that there is no slip at 
pipe/fluid interface. Nonetheless, this assumption is not valid for small-scale fluid-conveying 
systems such as nanotubes conveying nanofluid flow. In fact, unlike the large-scale pipes 
conveying fluid in which the no-slip boundary condition is valid, the wall slip effect is not 
negligible at nanoscales since the molecular free path is considerable compared to the diameter 
of the nanotube. Therefore, a reliable continuum model should take into consideration the wall 
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slip effect. It has been indicated that neglecting wall slip effects results in overestimated critical 
flow velocities [42]. For small-scale systems in which the average molecular free path is 
comparable to the minimum size of the tube, the Knudsen number (Kn) is defined by 
 ,fp
ext
a
Kn            (1) 
where ext  and fpa  denote the external characteristic dimension and average molecular free 
path, respectively. For the nanofluid viscosity, we have [30] 
  

 

0 ,
1
nf
nf
Kn
           (2) 
in which nf  and  0nf  denote the effective and bulk viscosities, respectively; also,   represents 
a constant, which is given by 
 



   
 
110
0
2
tan ,Kn          (3) 
where coefficients0 , 1  and   are, respectively, set to  0 4 ,  1 0.4  and   1 . 
Furthermore, for the coefficient 0 , one can obtain 

  
    

0
64 64
lim .
3 12 15Kn
        (4) 
Let us denote the flow speed vector, nanofluid density, pressure, gradient operator and 
Laplacian operator by v , nf , P,   and 
2 , respectively. The Navier–Stokes equations are 
given by 
    2 .nf nf
d
P
dt
v
v          (5) 
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Figure 1 shows an initially imperfect viscoelastic nanotube conveying nanofluid flow. It is 
assumed that the nanofluid flow is of a Newtonian incompressible laminar type. Using Eq. (5), 
the longitudinal nanofluid speed is obtained as 
 

  

2
2 1 0 ,x
P
v C r C Ln r C
x
         (6) 
where  

2
1
.
4 nf
C            (7) 
In Eq. (6), C1 and C0 represent the integration constants. C1 is zero since  Ln r  (refer to Eq. (6)) 
takes infinite values when 0r . Utilising the Beskok-Karniadakis model, the slip velocity is 
determined as [30] 
 
   
   
   
    
2
1 ,
1i
i
i x
x r R
v r R
KnR v
v
Kn r
        (8) 
in which  v  and Ri stand for the tangential momentum accommodation factor and tube inner 
radius, respectively; the former parameter is commonly set to 0.7. Using Eqs. (6)-(8), we have   
   
    
              
2
0
2 2
1 1 .
4 1
i
nf v
R P Kn
C
x Kn
       (9) 
Substituting Eqs. (7) and (9) into Eq. (6), one can write  
   
       
                   
2 21 2 21 1 .
4 1
x i
nf v
P Kn
v r R
x Kn
      (10) 
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In order to facilitate the implementation of the slip boundary condition, a velocity correction 
factor is defined as 
 1 ,
sl
nf
nsl
U
U
           (11) 
in which slsl aveU = v  and 
nsl
nsl aveU = v  where “sl”, “nsl” and “ave” are abbreviations for the slip, no-
slip and average, respectively. Employing Eqs. (10) and (11), one obtains the following relation 
for the velocity correction factor  
 
 

 
  
     
    
1
4 2
1 1 1 .
1
nf
v
Kn
Kn
Kn
        (12) 
   
3. Initially imperfect viscoelastic nanotubes conveying nanofluid flow  
Taking into account a geometrical imperfection (i.e. w0(x)), the nonlinear strain of the 
viscoelastic nanotube is expressed as   

    
    
    
2 2
0
2
1
.
2
xx
dww u w w
z
x x dx x x
        (13) 
Here  xx , u and w are the strain, axial displacement and transverse displacement, respectively. 
Using a refined combination of nonlocal and strain gradient elasticities, the constitutive 
equation of the initially imperfect viscoelastic nanotubes conveying nanofluid flow is given by  
    
 
l
l

 
      
 
 
    
 
2 2 2 2
0 ( ) ( )
2 2
1 1
1 ,
cl cl
xx sg xx el xx vis
xx
sg xx
e a t t t
E
t
       (14) 
where 
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   ( ) ( ) ( ) ( ),    ,
cl cl cl
xx xx el xx vis xx xx el xx vist t t t t t         (15) 
in which xxt , 
cl
xxt ,  , E, e0, a and lsg stand for the nonlocal total stress, classical stress, viscosity 
constant, Young’s modulus, calibration parameter, internal characteristic length and strain 
gradient parameter, respectively [43, 44]. “vis” and “el” are used as abbreviations for 
viscoelastic and elastic, respectively. In the current formulation, the stress resultants of the 
viscoelastic imperfect nanotube are defined as     
  ,   ,xx xx xx xx
A A
N t dA M zt dA          (16) 
In Eq. (16), A denotes the nanotube cross-sectional area. Employing Eqs. (13), (14) and (16), Nxx 
and Mxx are obtained as 
   
 
l
l
                    
    
     
       
2
2 2 2 2 0
0
2 2 2
2 2 0
1
1 1
2
1 ,
xx sg
sg
dwu w w
e a N EA
x x x dx
dwu w w w
A
t x x t x t x dx
    (17) 
     l l
          
    
2 3
2 2 2 2 2 2
0 2 2
1 1 1 ,xx sg sg
w w
e a M EI I
x t x
    (18) 
where I is used to indicate the nanotube moment of inertia. The elastic energy of the 
viscoelastic nanosystem can be formulated as 
          
    
    
   
     
   
   
   
(1) (1)
( ) ( ) ( ) ( )
0 0
(1) (1)
( ) ( ) ( )
00 0
,
L L
el xx el xx xx el xx xx el xx el xx
A A
L LL
xx el xx xx el xx xx el xx
A A A
U dAdx dAdx
dA t dAdx dA
   (19) 
9 
 
where  ( )ij  and 
(1)
( )ij  are the zeroth- and first-order nonlocal stresses, respectively. L and Uel 
are respectively the nanotube length and elastic energy, respectively. The viscous work of the 
initially imperfect viscoelastic nanotube (Wvis) is given by   
          
    
      
   
      
   
   
   
(1) (1)
( ) ( ) ( ) ( )
0 0
(1) (1)
( ) ( ) ( )
00 0
.
L L
vis xx vis xx xx vis xx xx vis xx vis xx
A A
L LL
xx vis xx xx vis xx xx vis xx
A A A
W dAdx dAdx
dA t dAdx dA
  (20) 
For the stress components of the viscoelastic nanosystem, we have 
 
 
 
 
 
 
(1)
(1)
( ) ( ) ( )
(1)
( ) ( ) ( )
,
,
,
xx xx xx
xx el xx el xx el
xx vis xx vis xx vis
t
t
t
         (21) 
and 
  
  
 
 
 
( ) ( )
( ) ( )
(1) (1) (1)
( ) ( )
,
,
.
xx xx el xx vis
xx xx el xx vis
xx xx el xx vis
t t t
          (22) 
For the kinetic energy of the initially imperfect viscoelastic nanotube conveying nanofluid flow, 
one can write  
  
  
 
  
          
                   
          
                  


1 1
0
0
1 1
0
1
.
L
k nf nf
L
nf nf
u u u u u u
T m M U U dx
t t t x t x
dww w w w w w
m M U U dx
t t t x dx t x
   (23) 
Here M and U, respectively, indicate the fluid mass per length and velocity; moreover, m 
represents the nanotube mass per length. For the work induced by the harmonic force 
   cosF x t , one obtains  
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      0 cos d .
L
FW F x t w x         (24) 
In Eq. (24),   and F are employed to indicate the frequency and amplitude of the harmonic 
force, respectively. The Hamilton’s principle is described as  
       
2
1
d 0.
t
k F el vist
T W U W t         (25) 
The substitution of Eqs. (19), (20), (23) and (24) into Eq. (25) results in two coupled equations as 
    
   
   
    
2 2 2
2 2
1 12 2
2 ,xx nf nf
N u u u
m M M U M U
x t t x x
     (26) 
   
   

 
    
         
   
    
    
2
0
2
22 2 2
2 2 0
1 12 2 2
cos
2 .
xx
xx
nf nf
dwM w
N F x t
x x x dx
d ww w w
m M M U M U
t t x x dx
     (27) 
Employing Eqs. (26) and (27) together with Eqs. (17) and (18), Mxx and Nxx are obtained as 
 
 
     
l
l
 
    
      
     
    
     
       
   
    
     
2
2 2 0
2 2 2
2 2 0
3 3 3
22 2
0 1 12 2 3
1
1
2
1
2 ,
xx sg
sg
nf nf
dwu w w
N EA
x x x dx
dwu w w w
A
t x x t x t x dx
u u u
e a m M M U M U
x t t x x
    (28) 
   
    
         
l l
  
 
      
  
    
         
   
     
    
2 3
2 2 2 2
2 2
2
2 20
0 0 2
22 2
22 22 0
0 1 1 02 2
1 1
2 cos .
xx sg sg
xx
nf nf
w w
M EI I
x t x
dww w
e a N m M e a
x x dx t
d ww w
e a M U M U e a F x t
t x x dx
  (29) 
Employing Eqs. (26)-(29), and then utilising the following set of non-dimensional parameters  
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   
 
 
 
l
 

  
  
 
  

   
 
      
  
      
         
    
* 0
0 0
1
2 42
4
1 1 1
4 2 22 2 2
2
4 2
1
,   , , , , ,    ,    ,   
,    ,    ,    ,    ,
,   ,   ,   ,
sg
sg nl
out
out out
e ax
x w u w w u w
L d L L
AL EI M L L F
t t M s F
I L m M M m d d EI
L m MEI L M
U U
E L m M EI EI x
   (30) 
one obtains the dimensionless nonlinear coupled equations for the initially imperfect 
viscoelastic nanotube conveying nanofluid flow as follows 
 
 
 
  


   
  
     
    
   
      
     
    
      
     
    
      
  
 
  
2 2 2
2 2
1 12 2
2 2 2 2
22 2
1 12 2 2
2
0
23
2 0
3
2
2
2
1
2
1
2
nf nf
nl nf nf
sg
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In Eqs. (31) and (32), asterisk notations are dropped for the sake of simplicity. Take into account 
a clamped-clamped viscoelastic imperfect nanotube, as shown in Fig. 1. It is worth mentioning 
that the initial imperfection is in the form of the first mode shape of the nanotube (the 
equation of the initial imperfection is given in the following). Using Navier–Stokes’ equations 
13 
 
and Beskok-Karniadakis assumptions, the expected pressure required to flow fluid inside the 
nanotube is obtained around 8.3 MPa. Utilising Galerkin’s decomposition scheme [45-48], the 
displacements of the nanosystem are as  
   
   








( )
1
( )
1
,
,
x
z
N
u
k k
k
N
w
k k
k
u r t x
w q t x
          (33) 
in which (rk,
( )u
k ) and (qk,
( )w
k ) indicate the axial and transverse sets of generalised coordinates 
and trial functions for the initially imperfect viscoelastic nanotube, respectively. The initial 
imperfection is assumed as  ( )0 0 1
ww A  in which A0 is the imperfection amplitude. The initial 
shape is in the form of the natural shape of the nanotube. Substituting Eq. (33) into Eqs. (31) 
and (32), yields  
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A direct-time-integration technique is lastly utilised for developing a numerical solution for the 
above coupled equations.  
  
4. Numerical results 
A nanoscale tube with mass density 1024 kg/m3, Young’s modulus 610 MPa and Poisson’s 
ratio 0.3 is taken into consideration. In addition, the outer radius, thickness and length-to-
diameter ratio are assumed as Ro =290.5 nm, h=66.0 nm, L/do =20, respectively. The speed 
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correction factor and mass ratio are taken as  1nf =1.05 and M =0.5915, respectively. The non-
dimensional parameters of the nanotube are set to   = 4006.9411, 
  0.0003 ,   0.05sg  
and   0.10nl . Numerical calculations are performed for 20 degrees of freedom (10 degrees of 
freedom for each displacement component). The amplitude of the initial imperfection 
(dimensionless with respect to h) is defined as A0. For all the cases, the forcing frequency is 
equal to the fundamental frequency (ω/ω1=1.0). It should be noted that ω1 varies when the 
imperfection amplitude changes. 
Figure 2 is plotted in order to show the effects of imperfection amplitude on the static 
bifurcation diagram of the nanoscale system conveying fluid. It is found that the static 
bifurcation response of the nanosystem is different in the presence of a geometric 
imperfection. When there is no geometric imperfection, the transverse deflection suddenly 
changes at the critical point. However, there is no sudden change in the transverse deflection 
for large geometric imperfections. Figure 3 depicts the bifurcation response of perfectly straight 
viscoelastic tubes conveying fluid flow at nanoscales for the transverse motion at x=0.50 and 
the longitudinal motion at x=0.65. A set of various types of motions involving two distinct large 
chaotic regions (between F1=10 and F1=20) is observed for the perfectly straight viscoelastic 
nanotube.  
Figure 4 illustrates the bifurcation response of initially imperfect viscoelastic tubes 
conveying fluid flow at nanoscales for the transverse motion at x=0.50 and the longitudinal 
motion at x=0.65. The imperfection amplitude is set to A0=0.01. Comparing this figure (i.e. Fig. 
4) to Fig. 3 indicates that the global dynamics of fluid-conveying viscoelastic nanotubes with a 
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geometric imperfection is completely different from that of perfectly straight viscoelastic 
nanotubes. The two chaotic regions between F1=10 and F1=20, which is observed in Fig. 3, can 
be removed by imposing a geometric imperfection. Figures 5 and 6 are plotted to provide more 
information about the dynamical characteristics of the nanosystem of Fig. 4 at F1=27.0 and 
F1=31.4. Initially imperfect viscoelastic tubes conveying fluid flow at nanoscales display a 
period-2 motion and a chaotic motion at F1=27.0 and F1=31.4, respectively.  
Figure 7 indicates the bifurcation response of initially imperfect viscoelastic tubes 
conveying fluid flow at nanoscales for the transverse motion at x=0.50 and the longitudinal 
motion at x=0.65. The geometric imperfection is increased to A0=0.05. It is found that the 
dynamical characteristics of the viscoelastic system are greatly changed by a slight increase in 
the imperfection amplitude. The viscoelastic nanotube displays a period-1 motion for F1<24. 
Nonetheless, a period-3 region and a period-2 region are observed by further increasing F1. For 
instance, Fig. 8 indicates the dynamical characteristics of the motion of the nanosystem of Fig. 7 
at F1=26.0. A period-3 motion is found for the initially imperfect viscoelastic tube conveying 
fluid flow at nanoscales for this loading amplitude. The bifurcation response of initially 
imperfect viscoelastic tubes conveying fluid flow at nanoscales for the transverse motion at 
x=0.50 and the longitudinal motion at x=0.65 are plotted in Fig. 9 for a higher imperfection 
amplitude (A0=0.10). The nonlinear motion of the nanosystem is of period-1 for all loading 
amplitudes. No chaotic region is observed for the initially imperfect viscoelastic nanotube. It 
can be concluded that chaotic regions can be removed by imposing a proper geometric 
imperfection. Furthermore, Fig. 10 is plotted to provide more information about the dynamics 
of the periodic motion of the nanosystem of Fig. 9 at F1=20.0. 
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Figure 11 gives a comparison between the bifurcation diagrams of Poincaré sections of 
the elastic and viscoelastic models of the initially imperfect nanotube conveying nanofluid flow. 
The transverse displacement predicted based on the viscoelastic model is compared with that 
predicted via the linear damping model. For the model of viscoelasticity, it is assumed that 
η=0.0003 and cd=0 whereas η=0 and cd=0.15 are taken into account for the linear damping 
model. Although for small loading amplitudes, both models yield very similar results, the 
bifurcation diagram of the viscoelastic model is notably different from that of the linear 
damping model for large loading amplitudes. Particularly, the linear damping model cannot 
properly predict coupled chaotic regions.   
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5. Conclusions 
The nonlinear chaos in an initially imperfect viscoelastic nanotube conveying nanofluid 
flow has been analysed via utilising a refined combination of nonlocal and strain gradient 
elasticities. The effects of slip at the nanotube/nanofluid interface were captured employing 
the Beskok-Karniadakis model. The nonlinear coupled equations were derived for the initially 
imperfect viscoelastic nanofluid-conveying nanotube with simultaneous transverse and 
longitudinal motions. The nonlinear chaotic response was predicted via utilising a Galerkin 
scheme and a technique of direct integration. The present results indicated that nanotubes can 
be used to reliably convey fluid at nanoscales due to their suitable geometrical and mechanical 
properties. However, to avoid possible chaos in the system, an appropriate initial imperfection 
can be applied. For viscoelastic nanotubes with large geometric imperfections, there is no 
sudden change in the transverse deflection when the nanofluid velocity is increased. 
Furthermore, the chaotic response of initially imperfect fluid-conveying viscoelastic nanotubes 
is completely different from that of perfectly straight nanotubes. It was also concluded that the 
chaotic response of the nanofluid-conveying nanosystem is significantly changed by a slight 
increase in the imperfection amplitude. Chaotic regions can be eliminated by imposing an 
appropriate geometric imperfection. In addition, the linear damping model cannot thoroughly 
describe chaos in the initially imperfect fluid-conveying viscoelastic nanotube.   
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Figure 1: (a) An initially imperfect viscoelastic nanotube conveying nanofluid flow, and (b) forces exerted on an 
element of the nanotube. 
 
25 
 
 
Figure 2: Imperfection effects on the static bifurcation diagram of the nanosystem. Thin solid line denotes unstable 
solution. 
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(a) 
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Figure 3: Bifurcation response of the perfectly straight viscoelastic tube conveying fluid flow at nanoscales: (a) w at 
x=0.50; (b) u at x=0.65 (U = 5.28, A0=0, ω1= 2.9347, and ω/ω1=1.0). 
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Figure 4: Bifurcation response of the initially imperfect viscoelastic tube conveying fluid flow at nanoscales: (a) w at 
x=0.50; (b) u at x=0.65 (U = 5.28, A0=0.01, ω1= 7.1609, and ω/ω1=1.0). 
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Figure 5: Dynamics of the nanosystem of Fig. 4 at F1=27.0: (a, b) time histories of w (at x=0.5) and u (at x=0.65), 
respectively; (c, d) phase-plane portrait and Poincaré section of w (at x=0.5), respectively. 
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Figure 6: Dynamics of the nanosystem of Fig. 4 at F1=31.4: (a, b) time histories of w (at x=0.5) and u (at x=0.65), 
respectively; (c, d) phase-plane portraits of w (at x=0.5) and u (at x=0.65), respectively; (e) Poincaré sections of w 
(at x=0.5) and u (at x=0.65), respectively. 
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Figure 7: Bifurcation response of the initially imperfect viscoelastic tube conveying fluid flow at nanoscales: (a) w at 
x=0.50; (b) u at x=0.65 (U = 5.28, A0=0.05, ω1= 12.1073, and ω/ω1=1.0). 
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Figure 8: Dynamics of the nanosystem of Fig. 7 at F1=26.0: (a, b) time histories of w (at x=0.5) and u (at x=0.65), 
respectively; (c, d) phase-plane portraits of w (at x=0.5) and u (at x=0.65), respectively; (e) Poincaré sections of w 
(at x=0.5) and u (at x=0.65), respectively. 
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Figure 9: Bifurcation response of the initially imperfect viscoelastic tube conveying fluid flow at nanoscales: (a) w at 
x=0.50; (b) u at x=0.65 (U = 5.28, A0=0.10, ω1= 15.4546, and ω/ω1=1.0). 
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Figure 10: Dynamics of the nanosystem of Fig. 9 at F1=20.0: (a, b) time histories of w (at x=0.5) and u (at x=0.65), 
respectively; (c, d) phase-plane portraits of w (at x=0.5) and u (at x=0.65), respectively; (e, f) FFTs of w (at x=0.5) 
and u (at x=0.65), respectively. 
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Figure 11: Comparison between bifurcation diagrams of Poincaré sections of the elastic and viscoelastic models of 
the initially imperfect tube conveying fluid flow at nanoscales: (a) w at x=0.50 based on the viscoelastic model; (b) 
w at x=0.50 based on the linear damping model (U = 5.28, A0=0.01, ω1= 7.1609, and ω/ω1=1.0).  
 
